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We are concerned with the differential operator I= -p-IA, p = p(x) > 0, 
considered as an operator in L’(R”) with the weight p, especially when p + 0 as 
1x1 + co. We obtain some values of the deficiency index of the corresponding 
minimal operator. We give a description of the domain of its Friedrichs extension 
dLp and prove that for p(x), which is decreasing slowly enough at infinity, the 
spectrum is continuous and coincides with the semi-axis [O, co). An application to 
a parabolic problem is given. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
There is a large literature (see, e.g., [4,9]) dealing with the Schriidinger 
operator, playing an important role in quantum mechanics. This operator 
is an additive perturbation of the Laplacian and has the form 
-A + q(x). 
We study here a multiplicative perturbation 
(1) 
1 
I= --A 
P(X) 
of the Laplacian. The operator (2) is defined on functions u = u(x), x E R”, 
na2, where R” is the Euclidean n-dimensional space. Throughout the 
paper we assume, that p(x) is a positive continuous function on R”. The 
operator (2) arises in the theory of wave propagation in non-homogeneous 
media, where p is a density. Our first objective is to give a function- 
theoretic description of a correspondinig self-adjoint operator 9 in the 
space L2 with the weight-function p. Then we give some properties of the 
deficiency index of the minimal operator YI associated with I [7]. 
Afterwards we study the spectrum C(U) of .Y and give some sufficient 
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condition for the equality a(9) = [0, co). Finally we apply our results to 
the Cauchy problem for the equation 
p(x-)$AW. 
We pay special attention to the case where p -+ 0 as 1x1 -+ co. Our results 
depend on the speed of decay of p at infinity. We recall a very important 
statement due to R. T. Lewis [S]. He proved that if p(x) is decreasing 
rapidly enough (e.g., 
p = O(r-‘), r+co, (4) 
where r = (xl, s > 2), then (r(8) is discrete. Here and below (4) means that 
r”p < const on [w”. 
In order to describe our results in the simplest way, let the following 
condition be satisfied: 
p-pore”, (5) 
where po, s = const > 0, and (5) means that pr” + p. as r -+ 00. We show 
that some properties of operator 9 are changing when the parameter s 
crosses the values s= 2 and s = n. So for s < n the operator 9, is self- 
adjoint, i.e., 9 = 9, and the deficiency index of P’r is (0,O). On the other 
hand for s > n this index is (h, h), h > 0. Moreover, if for any s > 0 
lim r”p =0 
,-CC (6) 
then h = co. This is in contrast to the case of operator (I), where h = 0 if 
the minimal operator is bounded from below (see, e.g., [43). Then we show 
that for s < 2, s(9) = [0, co). It means that in case, where a perturbation 
of the Laplace operator is weak enough, the spectrum of the perturbed 
operator 9 coincides with that of -A. A similar result for (1) is well 
known [4]. As we have already mentioned for s > 2, a(U) = a,(Y), where 
g&Y) is the set of eigenvalues of 9’. We prove that 0 E oP( 9) if and only 
if n = 2 and s > 2. Thus for n B 3 the lower bound on 9, considered as a 
function of S, has a jump at the point s = 2. Finally, we obtain that if (5) 
holds for some s < 2, under some additional assumptions, then oP(Y) = @ 
and o(9) is purely continuous. In the Appendix we investigate the 
behaviour of solutions w of the Cauchy problem for (3) as t -+ co, using 
one of our results, described above. Under some conditions we obtain that 
w+gast+oo,whereg=Oifn>3,butingeneralg#Oifn=2. 
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2. PRELIMINARIES 
We shall treat the differential operator (2) in the complex Hilbert space 
L: with the scalar product 
CL d, = j-I-@ dx, 
where we integrate over the whole R” with respect o the Lebesgue measure 
on R”. We denote the corresponding norm by Ilfll,. Let Y0 be the operator 
in Lz, defined by (2) on CF, which is the set of functions from Cm(P) 
having compact supports. Then To is a symmetric operator in Li, 
moreover so > 0 and the deficiency index of Y0 has the form (h, h), where 
0 <h ,< co. Let 3, be the closure of Z0 in Li, 3’ its Friedrichs extension. 
For any symmetric operator G in some Hilbert space we denote by D(G) 
its domain, by G* its adjoint operator, and by m(G) its lower bound. For 
R>O, R,>R, set 
Q(R)= {x:x~!P, 1x1 <R}, 
Q,= {x:x~W,Ix( >R}, 
~~(R,R,)=(~:xER",R<~x~<R,). 
Denote by L'(o) and LFoc sets of functions square integrable over o c IR” 
and over every Q(R), R > 0 correspondingly. Let L2 = L'(W), 
uj= au/ax,, vu = (U,) ...) u,), U, = au/at-, 
where r = 1x1. Denote by H;",,, m= 1, 2,..., the set of functions from Lf,,, 
which have all distributional derivatives up to the order m belonging to 
G* The following equality can be proved in the same way as the 
corresponding equality for operator (1) (see [4]): 
Set 
D(P$) = D(Lzip:) = ( u:u~H:,,nL;,lu~L;}. (7) 
and introduce a norm in Hj as 
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Denote by F, the energy space, which is the closure of the set CF in H:,. 
Then 
D(Y) = D(YLpo*)n F,, 
Yu = T,*u vu E D(Y), 
9 is a self-adjoint extension of g0 (and 9,) and 
(8) 
(9) 
m(Y) = m(Lq). (10) 
Let S,.. , be the unit sphere in IV. We shall make use of the cut-off 
function <,Jr, u) constructed in [3]. This function depends on a variable 
Y > 0 and two parameters a> 0, m E N, and has the following properties: 
[,EC*(O, co), <,,,= 1 if rda, [,,,=O, if r>2”a, and for r>O, O<J&< 1, 
Idc,/drl < cm-‘r-r’, (11) 
ld*[,/dr*1 < cl m- ‘r -2, (12) 
where c, c, are independent of r, a > 0, m E N. Below we denote constants 
by c, cj. 
3. DOMAIN OF 2 
In order to characterize D(Y) we need a description of F, (see (8)). Set 
P(r) = r -* if na3, p(r)=r-210g-2r if n=2, fi(r)=p(r+2). We shall use 
the following Friedrichs inequality: 
wherer0~1,u~C~,b=b,=1ifn=2,b=0,b,=(n-2)*ifn~3.By(13) 
we have 
F,cHinLt. (14) 
THEOREM 1. Let p(x) be a positive continuous function on OX”. Then 
E;b=HinL:. (15) 
Moreover F, = HA if n = 2. 
Proof. Suppose u E Hi n Lz and set 
V mo = uL(r, a), (16) 
404 D. EIDUS 
where &,, is our cut-off function, satisfying (ll), (12). Then u,, E Fp. 
Because of (1 4) it is sufficient to show that VE > 0 3m E N, a > 0 such that 
Ilbml- UII lp < 8. (17) 
It is easy to see that in order to prove (17) it is enough to prove, that the 
following inequality holds for all sufficiently large a and m > log a: 
By (11) we have 
G mo := i 
Iu121v(m/2 dx < ;. 
G,,<cm-’ 
f 
r-*l~1~ dx, 
Qm 
(18) 
(19) 
where c is independent of m, a and a,, = O(a, 2”~). First suppose that 
n=2. Then for aal 
G,,<c(l+m-‘logu)‘( ji(r)lul’dx. 
Q. 
(20) 
Now (20) implies (18 ). For n = 2 (13) holds if u E HL, thus Li c Fp. For 
n z 3, (18) follows immediately from (19). 
r 
From (7), (8), (15) we deduce 
COROLLARY 1. Under the conditions of Theorem 1 
D(~)={u:u~H:,,nH:,nL2,lu~L~). 
THEOREM 2. Assume n > 3, 
p>c(l +r)-S, 
where c, s = const > 0, s <n. Then 
F,=H;. 
Proof: Applying an intergration by parts to the integral 
s rl--s(Uu, + uti,) dx, *w 
where r0 > 0, u E Hi, 2 d s < n, we obtain the inequality 
s r 071 
-“lu12dx<4(n-s)p2~ r2-“IVu12dx, 
% 
Q.E.D. 
(21) 
(22) 
(23) 
(24) 
(25) 
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where r1 > 0. Integrating (25) with respect o r, from some R > 0 to R, > R 
we obtain that if s 3 3 then 
Reiterating this procedure if necessary, we get u E Li. 
Note 1. The condition s < n for M 3 3 cannot be essentially weakened. 
In fact if P=O(r-“), ~>n, then ~EHL but because of (15), lq!F,. 
The validity of (23) for n = 2 was obtained by V. G. Mazya. 
4. DEFICIENCY INDEX 
LEMMA 1. Let (22) be satisfied for s = n. Then 
D(Y;) c HA. 
Proof: If UE~(Z~) then because of (7) ,f := Zue Li, 
(26) 
where R > 0. Let us prove that 
lim inf (Uu, + uii,) ds < 0. 
R-CC 1x1 = R 
(28) 
Assuming that (28) does not hold, we find that for sufficiently large r 2 r. 
I s _ Jul’dsBc,>O. (29) n 1 
However, because of (22) for 0 < r0 < R we have 
(30) 
and (29), (30) are in contradiction with UE L:. Now (27), (28) imply (26). 
Q.E.D. 
From (7), (21), (23), (26) one can easily obtain the following: 
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THEOREM 3. Let (22) be satisfied for s < n if n 2 3, s = 2 lf n = 2. Then 
the operator PI is self-adjoint in Li. 
THEOREM 4. Let p satisfy the conditions 
5 pdx<co (31) 
s plog2(r+1)dx<co (32) 
$n=2. Then h>O. 
Indeed, for n 2 3, 1 ED(P$) but 1 $D(di”) since l$ F,. Thus 9; # 9 
and therefore 9i # 9. For n = 2 we can use the function q(r) log r instead 
of 1, where q(r) is a smooth function, such that ye = 0 in the neighbourhood 
of x = 0 and q = 1 in the neighbourhood of x = co. 
THEOREM 5. Let the condition (6) be satisfied for any s > 0. Then h = co. 
Proof: Let p,(x) be a homogeneous harmonic polynomial of degree 
m > 0 in UP. Then because of (6), pm E D(B,*). It is easy to verify that the 
polynomials pm, m = 1, 2, . . . . 1, are linearly independent with respect o the 
linear set D(Yi ) for any I3 1. Thus 
dim(D(Y$)/D(Yi)) = co 
and the theorem is proved. 
Note 2. An example of a function p(x), where p = 1x1 F-J in O,, R > 0, 
s> n, shows that h can be finite if the condition of Therorem 5 is not 
satisfied. 
5. SPECTRUM OF 2 
The first question we are dealing with here is the inclusion of the point 
1= 0 in a,(8). At first sight, it seems that 0 E a,(Y) if (31) is valid because 
1 EL: in this case. However, this is incorrect for n 2 3. 
Indeed if n 2 3 and on OX” 
r2p<co, (34) 
then since (13) 
and O#a(Z). 
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THEOREM 6. Let n = 2. Then 0 E a,(9) if and only if (31) holds. For 
n 2 3, 0 $0,(-Y). 
Proof: If 0 E a,(Y) and u(x) is a corresponding eigenfunction, then 
u E O(Z) and 
0 = (%, u)~ = j- 1Vu1’ dx. 
Thus u = const # 0 is the only possible eigenfunction. Because of (21), 
however, 1 E D( 9) if and only if n = 2 and (31) is valid. Q.E.D. 
We now consider the case of slowly decreasing p. We give a suhicient 
condition for the absence of eigenvalues of P’. 
THEOREM 7. Let PE ~?(a,,), f or some r0 > 0, and for some s E [0,2) let 
the following condition be satisfied 
-$(r”p)aO. (36) 
for r > rO. Then a,(Y) = 0. 
Proof. It follows from (36) and Theorem 6 that O#o,(U). Let A> 0, 
u E D(Z), u = u(x) be a solution in I?’ of 
d24+Ip24=0. (37) 
Without a loss of generality we can assume that U(X) is real-valued. We 
shall use the method, described in [ 1 ] (see also [2]). Multiplying (37) by 
ru, and integrating over 52,, r > rO, we obtain 
+r (38) 
From (37) (38) we have 
I (lpu2+ lVu12)dx,<c,r Q, I ,~,=~(IV~12-~pu2)d~--c21;I.,-‘~~,d~, (39) 
where cj > 0. Multiplying (39) by r’-’ and integrating with respect to r 
from a fixed r to R, R > r, we obtain 
Z(r) := s ~x12-“(ipu2 + IVu12) dx < 00. (40) 
Q, 
580/100/2-I2 
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+ CJ--’ 
I 
u’ds-c5rZpS 
I uu, ds. (41) 1x1 = r 1x1 = ’ 
Repeating the multiplication of (41) by rlLs and integrating with respect o 
r as above we find that for Vp E N 
I IxJ~(~-~)(IZ~U~+ IVu12) dx< 00. % (42) 
Now we can show, using a procedure described in [l], that from (42) it 
follows that I( = 0 a.e. in R”. Thus /2 4 o,(LP). Q.E.D. 
THEOREM 8. Let (5) hold for 3~2. Then a(Y)= [0, co). 
Proof In order to prove this statement it is enough to show that for 
each A> 0 and E > 0 there exists an element u E D(B) such that u # 0, 
ll~u-~41,w41p. (43) 
Set 
y=r-(“-2)/2H(l) 
( 
260 (2-s)/2 
P x7 ! 
, (4.4) 
where p = (n - 2)/(2 -s), I$‘) is the Hankel function. Then IJ is a solution 
of 
Au + IzpOr-sv = 0 (45) 
in W\(O). Set 
u, = vg,, (46) 
where g, = g,(r), a, r 7 0, 
go= 1 -cifG 421 if O,<T<B, 
go=1 if a<r<2a, 
g, = il(r, 2a) if r > 2a, 
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{Jr, R) is the above introduced cut-off function. It follows from properties 
of i,, that g, as a function of Y belongs to C2(0, co), g, =0 if t-da/2 or 
r>4a, and for r>O, O<g,< 1, 
/ dg,/dr1 d cr - ‘, (47) 
ld2g,/dr21 < crP2. (48) 
Then u, eD(L?i). Using (45), (47), (48) after some standard computations 
we obtain that for sufficiently large a, (43) holds. Q.E.D. 
APPENDIX 
Consider the Cauchy problem for the equation (3) as an ordinary 
differential equation in Lz: 
dw 
-&+2?w=o, t>o 
WlI=O=Wg, (50) 
where w,, E L:, w = w(t), w(t) E II($P) for Vt > 0, dw/dt is a strong derivative 
in Li. The problem (49), (50) has one and only one solution 
w = e-‘yPo,. (51) 
We deduce from (51) and Theorem 6 the following 
PROPOSITION. 
as t + co, where 
Let p be continuous and positive in UP. Then w + g in Li 
g=jpw,d+dx 
if n = 2 and (3 1) holds, g = 0 otherwise. 
It was shown in [S, 61 that the same result is valid for n = 1 and for 
n = 2. The behaviour of w as t --$ co for n 2 3 was studied in [3] under 
more stringent restrictions imposed on p, w0 (but for more general 
equations). 
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